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^ ■ Abstract 

G^ 

We generalize overlap fermion by Narayanan and Neuberger by introducing a hopping 

Qj ' parameter t. This lattice fermion has desirable properties as the original overlap 

fermion. We expand "Dirac" operator of this fermion in powers of t. Higher-order 

^ . terms of t are long-distance terms and this t-expansion is a kind of the hopping 

5t ! expansion. It is shown that the Ginsparg- Wilson relation is satisfied at each order oft. 

We show that this t-expansion is useful for study of the strong-coupling gauge theory. 

We apply this formalism to the lattice QCD and study its chiral phase structure at 

strong coupling. We find that there are (at least) two phases one of which has desired 

chiral properties of QCD. Possible phase structure of the lattice QCD with the overlap 

fermions is proposed. 
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1 Introduction 

Recently a very promising formulation named overlap fermion was proposed by Narayanan 
and Neuberger |]l], and it has been studied intensively. However almost all (ana- 
lytical) studies on the overlap fermion employ the weak-coupling expansion. Study 
on the overlap fermion interacting with the strong-coupling gauge field is desired. 
Especially to clarify its phase structure is very important, e.g., for numerical studies 
and in order to take the continuum limit. 

We shall give a way for study of strong-coupling gauge theory of the overlap 
fermion. To this end, we slightly generalize the original overlap fermion by introducing 
a hopping parameter t. This lattice fermion, which we call generalized overlap (GO) 
fermion, has desirable properties as the original overlap fermion. We can expand 
"Dirac operator" of the GO fermion in powers of t. Higher-order terms are long- 
distance terms and therefore the t-expansion is a kind of the hopping expansion. The 
Ginsparg- Wilson (GW) relation 0] is satisfied at each order of t. Strong-coupling 
studies of the gauge field can be applied for this t-expanded Dirac operator of the GO 
fermion straightforwardly. We expect that the t-expansion is justified in the strong- 
coupling region of gauge theory because hopping of a single quark is suppressed by 
large fluctuation of the gauge field. Moreover, the t-expansion reveals properties 
of Liischer's extended chiral symmetry which play an important role for study of 
phase structure. We then study lattice QCD with the GO fermions by using the t- 
expansion at the strong-coupling limit. It is expected that the strong-coupling studies 
give quahtatively correct picture for the strong-coupling gauge theory like QCD. We 
find that there are (at least) two phases. One of them has desired properties of 
QCD and in this phase the extended chiral symmetry can be considered as a properly 
generalized chiral symmetry at finite lattice spacing. On the other hand, the other 
phase has rather anomalous properties concerning the chiral symmetry. 



2 GO fermion and t-expansion 



We consider d- dimensional square lattice with the lattice spacing a, which will be 
often set unity in later discussion. Fermion variables ipln) and ipln) are defined on 
site n and U(N) or SU(N) gauge field U^{n) {ji is the direction index, /x = 1 ~ d) are 
defined on link {n,fi). The GO fermion is given by the following action 
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where the covariant derivative D(m,n) is defined as 
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where r and Mq are dimensionless nonvanishing free parameters of the overlap lattice 
fermion formalism. We have introduced a new parameter t. The original overlap 
fermion corresponds to t = 1. For notational simplicity, we define 
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It is verified that propagator at tree level U^{n) = 1 has no species doublers for 
the parameter region (1 — t)dr < Mq < [d — dt + 2t)r. This parameter region is 
renormalized by the interactions. Therefore it is important to study phase structure 
of the system in wide parameter region of Mq and the gauge coupling constant g"^ 
with fixed values of r and t, for example. It is also verified by the weak-coupling 
expansion that the GO fermion generates the ordinary chiral anomaly as it is desired. 
Actually it is verified that the t-dependence of D{m, n) is absorbed by redefinition of 
the parameter Mq. In this sense the GO fermion is not quite new. 

In this paper we shall expand the GO fermion operator (|^) in powers of t assuming 
that t is small. As we shall show, this t-expansion is a kind of the hopping expansion 



and then we expect that the t-expansion is justified and suitable for the strong- 
couphng gauge theory. At strong-couphng region, movement of a single quark is 
suppressed by the strong fiuctuation of the gauge field, i.e., (f/^(m)) ~ 0, and the 
number of paths in the random-walk representation of correlation function of gauge- 
invariant composite fields is much smaller than that of weak-coupling cases. ^ 
For notational simplicity, let us define the following quantities, 

r+(m,n) = 5m+f,,nU^,{m) +5m,n+^,Ul{n). (4) 

In terms of the above quantities, 

Xmn = A(5m„ + C^7^r^(m,?2) -5^r+(m,n), (5) 

(Xt)„„ = A,5„„-C5:7/.r;(m,n)-i?^r+(m,n). (6) 

From Eq.(^, B,C = 0(t) and we consider A = 0(1) in later discussion. Then it is 
rather straightforward to expand D{m,n) in powers oft, 
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^TxTx) " sgn(^)(5^„ + — ^7^r^(m,n) 



+^^E7M(r;K0r+(/,n) + r+(m,/)r;(/,n 
+^^E7M7.r;(m,/)r;(z,n) + o(t3), 
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aD{m,n) = 2e{A)6mn + r-rrJ^^i^^J^i'^^'^) 



^However, we also expect that the i-expansion has a finite convergence radius for smooth config- 
urations of fields, for higher-order terms contain higher-powers of the difference operator F^ (m, n) 
defined by Eq.(|j). In the strong-coupling phase, on the other hand, the good convergence of the 
t-expansion is expected after integration over the fiuctuating gauge field. 



+^E7M(r,K/)r+(/,n) + r+(m,/)r;(/,n) 
+^E7M7.r;(m,or;(/,n) + o(t3). (7) 

It is verfied that the Ginsparg- Wilson (GW) relation 

D75 + 75/^ = aD^.D, (8) 

is satisfied by the t-expanded D{m,n) in Eq.(^ at each order of t. 

Action of the fermion Sp in Eq.(|l]) is invariant under the following extended chiral 
transformation by Liischer [Q, 

6x/j{m) = e75(5„m - aD{m,n)^tlj{n), 5^l){m) = eij{m)-f^, (9) 

where e is an infinitesimal transformation parameter. Then in the overlap fermion 
formalism, it is natural to think that the extended chiral symmetry (P) is more fun- 
damental than the usual chiral symmetry which is broken at finite lattice spacing. 
In terms of the t-expansion, the transformation (|^) is given as, 

C 

dipim) = e75(-sgn(A)(5^„- — ^7^r^(m,n) + ---)V^(n), 

6ijj{m) = e^(m)75. (10) 

This expression reveals the fact that the extended chiral transformation (P) has quite 
different meanings depending on the sign of the parameter A. Especially for positive 
A, il){m) and 'il){m) have the same "extended-chiral charge" at the leading order of 
t. This explains the appearance of the term 9{A) X]'?/'(^«)V'(^^) i^^ Sp- Therefore we 
have to discuss chiral properties of the QCD with the GO fermions for positive and 
negative A separately. 

3 Strong-coupling limit 

In the previous section, we t-expanded the "Dirac" operator of the GO fermion. We 
show that the t-expansion is suitable for the strong-coupling studies of the lattice 



QCD whose action is given by, 

Slot = Sg + Sf,m, 
Sg = -4ETr(f/f/f/^t/^), 

Sf,m = SF-MBY.^{m)^{m), (11) 

where we have added the bare mass term of quarks. In this section, we shall study 
chiral structure of the above system in the strong-coupling limit g'^N -^ oo, though 
the strong-coupling expansion can be performed systematically. As explained above, 
we must consider the cases of positive and negative values of A separately. In this 
section we mostly set the lattice spacing a = 1. 

3.1 Negative A 

We shall consider U(N) gauge theory for definiteness. The partition function of the 
system is given by 

Z[J] = I Di>D^ljDUexp { - Stot + E Jin)m{n)}, (12) 

where [DU] is the Haar measure and 

J{n)m{n) = Jp{n)rh^{n) 
^^-'-^T.^aAn)r'^n), (13) 



ma[n, ^ 



with color index a and spinor-flavor indices a and /?. The effective action Seff{M.) is 
defined as 

Z[J] = I DMe-^^ii^^'^+-^^ (14) 

where integral over color-singlet "meson" field AA'^ will be defined later on. 

To obtain Seff{Ai), it is useful to notice that the following combination is invariant 
under the extended chiral transformation (|To|), 

1= {^- 2^)^' ^ = V^' '^^H = n^qin), 6q{n) = eg(n)75, 
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qq{m)qq{n) - q'^->q{m)q'^^q{n) 

= il)il){m)il)il){n) — il)'^^)il){m)il)'-y^il){n) 

+ {m^n)] + 0{t^). (15) 

The first step for the effective action is the one-hnk integral of the gauge field, 

^w(D,D) ^ J ^jj^ g^p [TiiD.U^ + UlD^)] . (16) 

For the U(l) gauge group, the above integral is easily performed as W{D, D) = 
DD — \{DDY + ■ ■ -. For the U(N) gauge theory W{D, D) was calculated by Brezin 
and Gross for large N . There are two "phases" in the above one-link intergal, and in 
the strong-coupling regime, which is relevant for the present study, W{D^ D) is given 
by the following formula O, 



WiD,D) = N^i-j-c+^Uc + ^aY^' 
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^EM(c + x.)^/^ + (c + x,)V2)}, ^^7) 
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where x^s are eigenvalues of -^DD and a constant c is implicitly given by 

In the present study, the "Dirac operator" D{m,n) is given by (|^, and therefore for 
the expansion in powers of t, we set 

^^lb — ^fib + '-'^6) ^iib — ^nb + ^fibi 

c 

^t^b = -^-^MnHr{n + fi), (19) 

where C^ and (7^ are sources. The following identity is useful which is proved for an 
arbitrary regular function f{x), 

^E/W = /(O) - ^Tr[/(-A) - /(O)] 
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From Egs-dTzD and ( pOD we obtain the one-hnk integral as follows |^, 0], 
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From (^), the expectation value of the gauge field is given as follows in the strong- 
coupling limit, 



2 / C 



{Ult{n))u = |(^)Tr[(^'^(n + /.)^,(n))7,(l + (l-4A')^/^)-^J, (23) 

where (■ ■ ■)u denotes average over the gauge field U^{n). 

In Ref . [§] spontaneous symmetry breakdown of the extended chiral symmetry is 
argued and an order parameter is given by 



{qq) = m--D)^l^). 



(24) 



Nambu-Goldstone bosons appear in the channel (ipj^ip) and their mass m^ oc Mb 

(in the flavor-nonsinglet channel) .0 The above criterion is verified by using solvable 
^Two composite fields {'ipj^ip) and (qj^q) differ with eacli other only invariant quantity under 
the extended chiral transformation. Therefore (qjbq) can be also considered as Nambu-Goldstone 
bosons. 



models p. 

We shall calculate the order parameter (^) in the present formalism in the strong- 
coupling limit. After the integral over the gauge field, the partition function is given 
by the functional integral over the fermions with a new action which is a functional of 
the color-singlet composite mesons 7h'^{n). Moreover because of the extended chiral 
symmetry, the action of 'm'^{n) depends on the chiral invariants like (p!5[) with the 
replacement of gauge fields as in (]23|). Flavor-singlet extended chiral symmetry is 
explicitly broken by the measure of the fermion path integral. Effects of anomaly 
will appear in the next-leading order of 1/A^ and the noninvariance of the fermion 
measure is related with the U(l) problem [|, p!0[] . 

Elementary meson fields are introduced through the identity like (up to irrelevant 
constants) , 

|##exp(ljfC^^) = (detj)"^ 

= idM{detMy^ -e-^-^, (25) 

where the integral over M is defined by the contour integral, i.e., Ai is polar- 
decomposed as A^ = RV with positive-definite Hermitian matrix R and unitary 
matrix V, and § dM. = J dV with the Haar measure of U(A^s/) i^sf is the dimen- 
sion of the spinor- flavor index) [0]. From (|25|), there appear additional terms like 
(A'"TrlogA^) in the effective action. Detailed study of the low-energy effective theory 
of hadrons will be given in a forthcoming paper ^^. In this paper we shall calcu- 



late the order parameter (j2^). From the discussion of the extended chiral symmetry 
given above and in Ref.|^, it is obvious that Nambu-Goldstone pions appear if the 
spontaneous chiral symmetry breakdown (^(1 — ^D)ijj) ^ occures. 

We assume the pattern of symmetry breaking for simplicity. By the existence of 
the bare mass term of quarks, 

(-M^) = vS-p, (26) 



where v is some constant which will be calculated from now. From ( pTD and (|26|), 

A = y=(^)V. (27) 

Then effective potential of f or A is obtained as 

^}p^ = ilog(4A)+d{(l-4A)'/'^-log|l + (l-4An} 

+MBV + 0{t). (28) 

From Eq.(^), we obtain for vanishing quark mass 



, 2d -I ^, , \A\ 2d~l ^, n. 



Higher-order terms of t can be systematically calculated in the present formalism |T0 
From Eq.(E3), we have 



{i,{l - ^Z^)^) = NnJ-^sJ'^-^ + 0{t% (30) 

and therefore spontaneous symmetry breaking of the extended chiral symmetry oc- 
cures at strong coupling. 



4 Higher-order terms 

In the previous section, we calculated chiral condensate (V"^) at the leading order of 
t. In this section we shall consider higher-order terms of the effective potential. Espe- 
cially we show that contributions from the terms in the action, which are determined 
by the GW relation (P) from the lower-order terms, can be summed up. Example of 
such a term is 

— — Y, ^M7M7^r;(m, /)r;(/, n)ij{n). (31) 

in the action Sp- This term is completely determined by the GW relation from the 

term 

(J 

^^(m)7^r-(m,ra)^(n) 
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in the action. 

It is tedious but straightforward to verify that contribution from the term (|3TD 
changes the effective potential in (|28|) as 

Veffim) => V^ffiiqq))- (32) 

To this end we use equations hke 

xTT[ip^{m + Ij)i/Jc{'m + /i + v)'-iyg\\y{m + /i))], (33) 

where 

g{x) = -(l-4x)i/^ + l + log[i±^i^i^], 
g'{x) = 2(l + (l-4x)^/2)-i_ (34) 

Then the term (|31|) generate terms hkeQ 

— ( — j m{m) (iJa{m + fx)-f^ip\m + /i + z/)) 
X (i^bim + fi + u)-f^ip''{m + /i))^'(A^(m))^'(A^(m + /i)) + ■ • •. (35) 

On the other hand, 

(^ _ 

m{rn)\qq{rn+^)—%l)'il){m+^)\ = —m{m)(——- ^'?/'(m+/i)7j,r^7(m+/i, n)'?/'(n) + - ■ ■ j. 

(36) 
After the path-integral over the gauge fields, 

X (i>birn + /i + u)^i,ip''{m + iJ,)jg'{X^{m + jj,)) 
+ ■■■. (37) 



■^Here we have neglected terms proportional to (^75'(/')('TT-)-This is vanishing in the condensation 
pattern (pq) which we assume in the rest of this section. 
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Then from Eqs.(^), ( pS] ) and (0), one can see that the contribution from the high- 
order term (|3lD simply replaces A^(m) in the effective potential with 

(— ) qq{m + fi)qq{m). 

We have verified this result only at the lowest-nontrivial order, but we expect that it 
is correct at all orders of t. 

For completeness, we have to examine the term which comes from the A^-integral 
and contributes to the effective potential. We evaluate the following integral instead 
ofEq.(|i, 

dipdil) exp ( — Jqq) . (38) 

We can change the measure of the above path-integral as 

{di/jdip) =^ (dqdq), 

but there appears additional term from Jacobian, 

TV(log(l-lD))=Tr(-|-i(|)^-...). (39) 

It is verified that at low-orders of t the above factor does not contribute. However 
it is expected that nontrivial terms which depends on the gauge fields will appear at 
sufficiently high-order of t. This problem is currently under study and the results will 
be reported in a future publication 

4.1 Positive A 

In the previous section we showed that for negative A the system has desired proper- 
ties concerning the chiral symmetry and we shall call this phase QCD phase. In this 
section we shall briefly study the case of positive A. For positive A, the t-expanded 
D{m,n) is given as 

D{m, n) = 25mn + T^ E 7,.r;(m, n) + 0{f). (40) 
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Therefore there exists term hke ^%l){rn)'ip{rn) in the action besides the quark mass 
term. One may think that this term breaks the extended chiral symmetry. However 
this is not the case. Actually from (0), 

6tlj{m) = e75(-5„„--^^7/,r^(m,n) + -- ■)^(ra), 

5%l){rn) = e'?/5(m)75, (41) 

and therefore ip and ip have opposite "extended-chirality" with each other (at leading 
order of t). This fact suggests that the phase of positive A is different from that of 
negative A^ 

Analysis of the effective action at the strong-coupling limit in the previous section 
can be applied also for the case of positive A, and it is shown that condensation {ipip) 
has nonvanishing value. However in the case of positive A, 



limit 



(V'V')ms + (V'V')-M£ 



^0. 



Mb ^ (42) 

Actually the effective potential for {M^) = —vS^ is given as 

^ = -2. + log. + .., (43) 

and therefore v = ^ + 0(t). 

Condensation (iptp) does not mean the spontaneous breaking of the extended chiral 
symmetry. Natural candidate for order parameter in the positive A phase is {ip'-fnip) , 
for 

(5(V'7M75V')) = (V'7M^) + 0(t). (44) 

However the strong-coupling analysis similar to that for negative A shows (ijj'JuiIj) = 0. 
Next one is the nearest-neighbor quark bilinear (^7^f/^?/'). From the analysis at the 
"* Strictly speaking, we cannot deny the possibility that these states are connected by a crossover 
rather than a phase transition, since our analysis cannot be applied for small \A\. However existence 
of a phase transition between them is plausible. See later discussion. 
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strong-coupling limit (0), we can expect nonvanishing expectation value of the above 
operators. Moreover their values depend on the direction, i.e., 

(^(m)7/,t/^(m)V^(m + /x)) = -(^(m + /i)7^t/^(m)V^(m)) 7^ 0. (45) 

As 

^\,{\ - |D)^(m) = -—-^{m)Y^^^Y-{m,n)^l,{n) + Oif), (46) 



the condensation (H3|) means 



(^(1 - ^Z})^) ^ 0. (47) 

Then from the criterion in Q] we can expect appearance of a massless particle at the 
channel (ip'-f^ilj) , though meaning of the extended chiral symmetry is quite different 
from the usual chiral symmetry in this phase. 

5 Discussion 

In this paper we study properties of the lattice QCD with the overlap fermions at 
strong coupling. To this end, we slightly generalize the ordinary overlap fermion by 
introducing the parameter t. We expand the Dirac operator of the GO fermion in 
powers of t, and then apply the standard techniques of the strong-coupling expansion. 
It is important and urgent to examine validity and applicability of the t-expansion, 
for a drawback of the overlap fermion is its nonlocality. By numerical calculation it 
is verified that for smooth configurations of the gauge field the locality is satisfied 



TT| . On the other hand, we also expect that the locality is satisfied even at strong 
gauge coupling after integration over the gauge field in certain parameter region of 
the GO fermion. Results in the present paper support this expectation but more 
intensive studies are required. Tractable models in low dimensions might be useful. 
Both numerical and analytical studies on them are needed in order to argue the 
applicability of the t-expansion. 

14 



A 



B 




continuum 
limit 



M. 



Figure 1: Schematic phase diagram of the lattice QCD with the overlap fermions 
in the {^-^,Mq) plane. Phase A has desired properties of QCD. Extended chiral 
symmetry is spontaneously broken and quasi-massless pions appear. On the other 
hand, the phase B is anomalous. Phase C in between is the nonlocal phase in which the 
long-distance terms give important effects. The critical lines which separate phases 
A, B and C may have strong dependence on the gauge-coupling constant g"^ though 
they are almost vertical in the figure. 

We find that there are (at least) two phases in the lattice QCD with the GO 
fermions at strong coupling. One of them has desired properties of QCD. Though 
this result is obtained by using the t-expansion, we expect that it is correct even for the 
ordinary overlap fermion system since expansion parameters are ^ and ^. Therefore 
for sufficiently large \A\ our results are applicable. In Fig.l, we show a possible phase 
diagram of the lattice QCD with the (generalized) overlap fermions. The phase A 
has desired chiral properties of QCD and we call it QCD phase. On the other hand, 
the phase B is anomalous as we explained in Sect. 3. The phase C in between cannot 
be studied by the present techniques, for the t-expansion is not applicable. There 
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it is expected that nonlocal-long-distance terms cannot be neglected and they give 
substantially important effects on physical properties. For example, the Goldstone 
theorem assumes the locality of the system as is well-known. Therefore in the phase 
C, which we call nonlocal phase, massless pions might not appear even if the extended 
chiral symmetry is spontaneously broken. It is possible that the nonlocal phase C 
does not exist in certain parameter region of {r,t). 



Detailed study on the QCD phase will be reported in a forthcoming paper |jTO 
Especially, it is interesting to see how the U(l) problem is solved and how its relates 
with the noninvariance of the fermion path-integral measure under flavor- singlet ex- 
tended chiral transformation [^ . In the framework of the t-expansion, the Jacobian 
Tt{'j^D) is easily evaluated at low-orders of t, and it is verified that term correspond- 
ing to the anomaly appears. However its coefficient is not constant but depends on 
t. Another interesting problem is the strong-coupling chiral gauge theory |12[. This 
system might be studied by using the techniques in this paper. 

Note added 



After submitting this paper, there appeared an interesting paper |]T3| which dis- 
cusses approximate solutions of the G-W relation which are useful for numerical 
simulations. 
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